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ON A CLASS OF BANACH SPACES OF FUNCTIONS
ASSOCIATED WITH THE NOTION OF ENTROPY
BY
BORIS KORENBLUM'

ABSTRACT. A class of function spaces on the circle is introduced which contain all
continuous functions of bounded variation but are included in the set of all
continuous functions. The corresponding dual spaces consist of certain types of
generalized measures. One application of these spaces is a new convergence test for
Fourier series which includes both the Dirichlet-Jordan and the Dini-Lipschitz tests.

1. Introduction. Although it is hardly possible to overrate the importance and
usefulness of such classical spaces of functions as C, L?, V and Lip, there are
nevertheless many problems in analysis that fit badly into the pattern of these
spaces. To give just one example, consider the problem of uniform convergence (or
boundedness) of Fourier series for classes of bounded functions. The most relevant
fact here is that the Dirichlet kernels D,(¢) = sin(n + 1/2)t/sin(z/2) have un-
bounded L'-norms or, equivalently, the V-norms of the indefinite integrals [ D, are
unbounded, although their C-norms are bounded. Since we have few options other
than to use the C-V duality, we must impose an unnecessarily strong condition f € V
to ensure that [ D, f are bounded (the Dirichlet-Jordan test). That this condition
f € Vis indeed excessively strong is clearly shown by the Dini-Lipschitz test (see
[1]): w(8) log 8 — 0 (8 — 0), where w(8) is the modulus of continuity of f; this test
guarantees the uniform convergence of the Fourier series of f. It is therefore
reasonable to ask this question: Can the Dirichlet-Jordan test be generalized so that
it might also include the Dini-Lipschitz test? A natural approach to this problem is
to try to find an intermediate space C’ between C and C N V (or between L* and V
—for the problem of boundedness), whose norm lies between the C-norm and the
V-norm, and such that the C’-norms of [ D, are bounded; at the same time the dual
class of C’ should include all Dini functions.

In fact, such a space C’ exists; it is a special case in a class of spaces C, with
entropy norm. To explain this concept we first observe that the norm of the space
(real) C/{constants}, which is equal (up to the factor 1,/2) to

= ma t) — minx(z
Il = maxx(¢) = minx(s)
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can be written as the integral
o0
Il = [~ c(E,) dy,
— o0

where £, = {t € T: x(t) = y} (— 0 <y < o) are the level sets of x(¢) and k(E) is
0 or 1 depending on whether E is empty or not. Similarly, the norm ||x||,, = Var x(z)
is equal to

[o o]

Il = [~ «,(E,) &,

— o0
where k,(E) = card E. These two cases k- and «k, are the simplest examples of
k-entropy, and the only ones associated with known Banach spaces of functions.

DEFINITION 1. Let k(s) (0 < s < 1) be a positive nondecreasing concave function

such that k(1) = 1. The k-entropy of a finiteset E C T (E # @) is

(1.1) k(E) = Z x(IL]).

Jj=1

where {/;}] are the complementary intervals of E and |/)| their normalized lengths
(IT| = 1). For an infinite closed set E C T we define

(1.2) k(E) = sup{«(E,): E, C E finite};

we also set k() = 0.
DEFINITION 2. The k-norm of a real continuous function x(¢) (¢ € T) is

(1.3) Il = [ «(E,) ay.
The above restrictions on k(s) imply that
(1.4) s<k(s) <1 (0<s<1)

with k(s) = s corresponding to ||x||- and k(s) =1 to ||x||,. We have 1 < k(E) <
card E (E # o), and thus

(1.5) Ixllc <llxlle < ixllv-

Apart from C and V, the following special cases of k-entropy and k-norm may be of
particular interest:

(1) k(s) = s(log s| + 1). In this case k(E) is called the Shannon entropy and || - ||,
the Shannon-entropy norm.

2) k(s) = s*(0 < a < 1); k(E) is the Lipschitz entropy.

3) k(s) = (1 + }logs))~%; k(E) is the Dini entropy.

It is the Dini-entropy norm in combination with its dual k-variation norm (see
below) that yields our generalization of the Dirichlet-Jordan and the Dini-Lipschitz
tests.

In this paper a general theory of k-entropy and k-variation spaces is presented.
The main features of the theory are as follows:

(1) C, is the space of continuous functions on T with finite k-entropy norm (the
real case is covered by Definition 2). It is by no means obvious that C, is a Banach
space; in fact, the proof of the triangle inequality is rather complicated. If k(0*) = 0,
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C, is a separable Banach space with the shift operator T,x = x(¢ — 7) having the
property ||T,x — x||, = 0 (7 = 0) forall x € C,.

(2) The linear functionals F(x) on C, (here and later we assume x(0*) = 0) have
the form

(1.6) F(x) = j:oxdp,,

where p is a premeasure of bounded «k-variation. The integral (1.6) is understood (in
the real case) as follows:

(o]
(1.7) [xdu=[" u(F)dy (y=minx(1)),
Yo
where F, = {t € T: x(t) > y} are the Lebesgue sets of x(¢). For this definition of
the integral to be consistent, the premeasure must be well defined on the sets F, for
almost all y, which is the case if u has bounded k-variation and x € C,. The norm
|| F|| of the functional (1.6) satisfies

(1.8) IFll = % Var, p
(see §95).

The notion of a premeasure and the definition of the k-variation was first
introduced in [2] for the case of the Shannon entropy in connection with an
extension of the Nevanlinna theory (see also [3]).

(3) The Poisson integral of a real Borel measure is the difference of two positive
harmonic functions in the unit disk (the Herglotz-Riesz theorem). An analogous
result holds for premeasures, at least under some restrictions on the rate of growth of
k(s)/s as s — 0. The case of the Shannon entropy was considered in [2, 3].

(4) The space of premeasures of bounded k-variation, denoted by V, contains a
separable subspace L! of k-absolutely continuous premeasures. Premeasures belonging
to L. vanish on k-Carleson sets. Every continuous function, whose modulus of
continuity satisfies w(8) = O(x(8)) (6 — 0), generates a premeasure of bounded
Kk-variation.

(5) The dual of L}, is L®, and C, is the separable subspace of L.

(6) With a slight adjustment of the x-entropy norm, C, and L? become Banach
algebras. Their analytic subalgebras A, and H>® apparently share many properties
with the classical algebras 4 and H®.

It should be clear from the above that the k-entropy spaces, which span the gap
between the uniform and the variation norm, together with their dual (k-variation)
spaces, display a marked analogy with the classical spaces C, V, L®, A, H', H®.
There is, however, one important difference: there seems to be no place in our theory
for anything like the L? and H” spaces (1 < p < o0).

There is good reason to believe that both the analogy and the difference may help
us better understand some recent discoveries in complex and harmonic analysis.

The author wishes to thank R. Dabrowski and R. O’Neil for valuable discussions
and suggestions. The author also expresses his gratitude to the referee who detected
numerous imperfections in the original manuscript.
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2. Preliminaries.

2.1. (a) T = R/27Z is the additive group of real numbers modulo 2.

(b) aD = {{ € C: [{| = 1} is the isomorphic multiplicative group (the unit circle).

(c) D = {z € C:|z| < 1} is the open unit disk.

(d) |F| denotes the normalized Lebesgue measure of a set F C T or F C dD, so
that [T| = [aD| = 1.

(e) dist(zy, t,) = (1/27)min{|t;, — t, — 2n7w|: n € L}, (1,1, € T); dist(§), $,)
(§1, §, € 0D) is the (normalized) length of the shorter arc between {; and {,;
dist(z, F) = inf{dist(¢, 7): 7 € F}.

22. AL (L*) is the space of real (complex) essentially bounded measurable
functions x = x(t) (¢ € T) with the ess sup-norm. Given an x € ZL>*, we define

(@) g(r) = p(s; x) = limg_gesssup{x(7):t — 8 <7<t + 8}

(b) p(1) = p(#; x) = lim,_gessinf{x(7):t =8 <7 <1+ 8}

(c) (1) = w(#; x) = p(r) — p(¢) (essential oscillation at 7).

(d) T[x] = {(z, y) € T X R: u(#) < y < [i(2)} (the graph of x(¢)).

(© E, = E,[x]= (1€ T: (1, ) € T[x]} (—o0 < y < o).

() F, = F,[x]= U, E[x]

The E’s are called the level sets and the F’s are the Lebesgue sets of x(t). The
following properties are easily proved: '

@

i(r) = limsupp(r),  wp(r) = liminfu(7).
Tt T—1

(i) I'[x] is a closed connected subset of T X R.

(i) E,, F, and Q; = {t € T: w(¢) > &} are closed subsets of T for every y € R,
8§>0(Q,=T).

The discontinuity set @ = @[x] = U, , 4 is thus an F_-set. If £ does not contain
intervals of positive length, then it is of the first Baire category. If || = 0, then x(¢)
is Riemann integrable.?

ZC is the subspace of ZL* consisting of continuous functions x = x(¢). For an
x€RC wehave I'(x)={(t, y) ETXRiy=x(1)}, E,.={t€T: x(t) =y}, F,
={te€T:x(t)>y)}and ‘

(2.2.1) x(t) =y, + /w x, (1) dy,

Yo

where y, = min{x(z): t € T} and x ,(¢) = x(¢; F,) is the characteristic function of
F,[x]. (2.2.1) remains valid for any x € RL*, provided that ¢t & Q[x]. If x(z) is
Riemann integrable, then (2.2.1) holds almost everywhere.

2.3. k(s) will always denote a positive nondecreasing concave function in (0; 1]
such that k(1) = 1. These conditions imply that k(s) is continuous, k’(x) exists a.e.
and is nonincreasing, and s < k(s) < 1. We shall assume that «’(s) is defined
everywhere by putting k’(s) = k(s 7).

2More precisely, equivalent to a Riemann integrable function.
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The k-entropy of a finite set E C T is
(2.3.1) k(E) = ¥ «(|L}),
j=1

where { 1;}] are the complementary intervals of E; k(2) = 0. For an infinite closed
set E we define
(2.3.2) k(E) = sup{«(E,): E, C E finite}.

The following properties are easily deduced from the definition.

() k(E)=1lifcard E = 1.

(i) If k(s) # sand card E > 1, then k(E) > 1.

(iii) If k(s) = s, thenk(E) = 1 forany E + @.

@(iv) If k(s) = 1, then k(E) = card E.

V) k(E, U Ey) < k(Ey) + x(E,).

(Vi)k(E+1t)=k(E)(t€T).

(vii) If k(0*) = 0, then the k-entropy of an arbitrary closed set E C T can be
expressed in the form of an integral:

(2.3.3) k(E) = jT x’(2 dist(¢, E)) dt,

where dt is the normalized Lebesgue measure and «’(0) = lim_, ,(k(s)/s); k’(0) = o0
is not excluded.

(viii) If k’(0) = oo, then k(F) < oo implies | F| = oo.

(ix) If card E = n, then k(F < nk(1/n)), the equality holding for |I;| = |I,| = - - -

=|I,|=1/n.
2.4. The k-norm of an x € ZL™ is
o0
(2.4.1) bl = [~ «(E,[x]) dy.

— 00

The following two extreme cases are classical.
(a) k(s) = s. Here we have

[lx[lx = esssup x(¢) — essinf x(¢);

thus the k-norm is equivalent to the norm of x in L* /{constants}.
(b) x(s) = 1. In this case

Ixll« = f_w (card E,) dy = Varx(z).

If k’(0) < oo, the k-norm is equivalent to the norm of the space L /{constants}; if
k(0*) > 0, the k-norm is equivalent to Var x. We shall exclude these two cases and
assume from now on that k(s) satisfies:

(a)lim,_ ,k(s) = 0;

(b) k°(0) = lim,_,o(x(s)/s) = oo.
It follows from the above that k(E) < oo implies |E| = 0. Since 1 < k(E) < card E
(E # ), we have

(2.4.2) esssup x(7) — essinf x() <||x|l« < Varx(¢).
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3. The Banach spaces L, C,.

3.1. THEOREM. For arbitrary x, x;, x, € ZL* and A € R
(3.1.1) by + xll, <l + Ix s
(31.2) IAx] = A} lx]s.

Whereas (3.1.2) follows directly from (2.4.1), the proof of (3.1.1) is more com-
plicated. We shall prove it in three steps: first for piecewise constant functions, then
for real continuous functions, and finally for arbitrary real L*-functions.

3.2. A set FC T will be called simple if it is the union of a finite number of
disjoint closed intervals. The class of all simple sets F will be denoted by #; @ and
T are included in %

LEMMA 1. Let F|, F, € % and let x,(t) = x(t; F,) and x, = x(t; F,) be the
characteristic functions of F, and F,. Then

(3.2.1) lx: + xalle <Ibxulle +lIxall.-

PrOOF.? (3.2.1) is equivalent to
(3.2.2) k((FLURE))+k(0(F,NE))<«(dF) +«(3F,).

Without loss of generality we can assume that dF, and dF, are disjoint. Consider the
following four functions:

h(t) =«'(2dist(t,0(F, U F))),
hy(t) = (2 dist(¢,9( F, N F))),
hy(t) = «’(2 dist(z, 0F,)),
h,(t) = «’(2 dist(¢,9F,)).
By (2.3.3), in order to prove (3.2.2) it is enough to show that
(3.2.3) hy(t) + hy(1r) < hs(2) + hy(r) (teT).

Let 1, € T be arbitrary and let dist(z,, F, U 0F,) = d, = dist(t,, t,), where 1, €
0F, U 0F,; let, for instance, 1, € dF,. There are two possibilities:

(a) ¢, € I, where I is one of the components of F;

(b) ¢, € I’, where I’ is one of the components of T \ F.

In case (a) we have ¢, € 0(F; N F,) and (¢, — d, t, + dy) € I C F; U F,; there-
fore dist(z,, 0(F, N F,)) = dy = d(1,,0F,) and dist(¢y, 3(F, U F,)) > dist(¢y, 0F,).
Since k’(s) is nonincreasing, we get h,(1,) = k'(2d,) = h3(ty) and hy(2y) < h4(2)
Similarly, in case (b) we obtain t; € 3(F;, U F,) and (1 —dg, to +dy) 1’ C
T\ (F, N E); thus h(1,) = £’(2dy) = h4(1y) and h,(ty) < hy(tp). In both cases
(3.2.3) holds at ¢ = ¢, which proves our lemma.

REMARK. If F; D F,, (3.2.1) becomes an equality.

3 This proof is based on an idea suggested to the author by Romuald Dabrowski; the original proof by
the author was more complicated.
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LEMMA 2. Let F|, F,,...,F, € % and let x ;(t) = x(t; F,) be the characteristic
function of F;(j = 1,2,...,n). Then

(3.2.4) Ixy + x2 + -+ + Xalle <lxalle +lxalle + -+ lxl-
PROOF. Suppose (3.2.4) holds for some n > 2 and arbitrary F,, F,,...,F,. We have
x(8) = x:(1) + xa2() + -+ x, () = x(6: FY) + x(6; F) + -+ + x«(8; Fk/)’

where F/ D F) 2 -+ 2 F/ (1 < k < n) are the Lebesgue sets of x(¢): F' = {1
x(t) = j}. By our assumption, (3.2.4) holds, i.e.

lxlle = k(3F,) + k(3E;) + - -+ + k(3F/) < x(3F,) + k(3F,) + --- + x(3F,).
If we add x ,, ,1(?) = x(#; F,.,), we get

k
x(£) + xnor() = x(6 FL U E,) +x(6; Y 0 E) + X x(6F).

j=2
Now, by our assumption and by (3.2.2)
k
Ix + Xpealle = €(3(F U 1)) +|x( L0 Fpy) + X X(I; F/’)
Jj=2 x

k
<k(3(FUE,,,) +x(3(F nE.,))+ X «(3F)
j=2
k n+1
< k(3F)) + x(3F,,,) + X n(aFj') < X «(3F).
j=1

Jj=2

LemMA 3. (3.1.1) holds for functions x,, x, of the form

nj
()= X x(6F?) (FPVeZ;j=1,2).
v=1
PROOF. Since the Lebesgue sets of x; belong to the class #, we may assume that
FU) are already the Lebesgue sets of x; (j =1,2) ie. F{'2 FY' 2 -.- 2 FV
(j = 1,2). Now,

n

Ixll, = X x(3F2)  (j=1,2)

v=1
and, by Lemma 2,

m

ny
ey + xoll, < X k(3E®) + X k(3ED) =[xyl + x ]l

v=1 v=1

LEMMA 4. (3.1.1) holds for piecewise constant functions, i.e. for functions of the form

(3.2.5) x(t) = i Cx(t; F) (G eRFe#).

Jj=1




534 BORIS KORENBLUM

PrOOF. By Lemma 3, this is true for integer C;; by the homogeneity of the k-norm,
this is also true for rational C; finally, by an obvious approximation argument,
(3.1.1) holds for all functions of the form (3.2.5).

3.3. The next step is to establish (3.1.1) for real continuous functions; this requires
a certain process of approximation in the x-norm of a continuous function by step
functions.

LEMMA 1. Suppose that x € XC, ||x||, < . For any € > 0 there is a function x (t)
of the form (3.2.5) such that

(3.3.1) = x| <e.

PrROOF. Without loss of generality we can assume that min{x(¢): t = T} = 0.
Choose some h, 0 < h < max x(t), and construct the system of lines in T X R:
I, = {(t,kh): t € T}, k € Z. Let S, be the open strip {(t, y): t €T, (k- 1h <y
< (k + 1)h} of width 2h containing /,. Construct a finite system of disjoint open
intervals [, = (t€T: 1, <1< tjf} (j=12,...,n), Ul; =T, and a function k()
€ Z such that

@) x(1;) = k(j)h;

() {(¢, x(2)): t € L} C Sy ;5

(iii) |x(t)) — x(2;)| = h.

We now set
(3.3.2) x*(t)=k(j)h (t€l;j=1,2,...,n),
and we shall prove that
(3.3.3) lim ||x* — x|« = 0.

h—0
By (2.3.3) and (2.4.1)
(3.3.4) Idle = [ w(2dist(s, E,[x])) dedy < 0.
TXR ’

Construct the rectangles R, = {(t, ) € TXR: t €I, y€ §,,} and let R" =
U’_, R,. Since the (two-dimensional) measure of R"is 2h, (3.3.4) implies

(3.3.5) lim k(2 dist(t, E,[x])) dr dy = 0.
- R" -

For every j the set E [x] N I, is nonempty either for k(j)h <y < (k(j)+ Dh or
for k(j)h > y > (k(j) — 1)h, and for such y

f k(2 dist(1, E,[x])) dr > %x(2|1,|).
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The graph of r(¢) = x(t) — x"(¢) lies in the strip |y| < k. The section of T[r]
corresponding to I_J is obtained from the corresponding section of I'[x] (lying in R )
by shifting it vertically by —k(j)h and adding to it parts of vertical lines through ¢,
t j’ ; therefore

7l = '[I‘x(—h " n’(2 dist(z, Ey[r])) dtdy

< th k(2 dist(t, E,[x])) drdy + 2k Z k(L)) >0 (h-0)

j=1
by (3.3.5) and (3.3.6), which proves (3.3.3).
LEMMA 2. The function x"(t) satisfies
3.7 li M= llx]lx.
(3.3.7) Lim "]l =flx]|

PrOOF. It suffices to prove this for an arbitrary sequence 4, | 0. Suppose that y
does not belong to the countable set {kh,; k = 0,1,2,...; n=1,2,...} and to the
(at most countable) set of local extreme values of x(¢). A complementary interval
I = (a, b) of E [x] contains at most one point of each Ey[x""]; moreover, for an
arbitrary € > 0 and sufficiently large »n Ey[x"n] N(a+eb—¢)= 3, but Ey[x"~]
N(a—¢ea+e)+ @andE[x"]N(b—e¢b+e)+ &. Therefore

(3.3.8) 2(|1]) = 2]1 «'(2dist(1, E,[x])) dt

>j;x’(2dist(t, E,[x"])) dt - «(|1])

as n — oo. Taking the sum over all complementary intervals I we find

(3.3.9) ZK(Ey[X]) > x(Ey[x""]) - K(Ey[x]).

Integrating now with respect to y we obtain (3.3.7) by dominated convergence
theorem.

LeMMA 3. (3.1.1) holds for arbitrary x,, x, € ZC.

PrOOF. Choose two sequences of step functions of the form (3.2.5), {x{™} and
{x§™}, such that

(33.10)  lim ||x{
n— oo

(j=12).
By Lemma 4 in §3.2, ||x{" + x{”||, < [|x{"|l + [Ix$™|l,.. Since x{M(t) + x{"(¢) >
x,(t) + x,(¢) uniformly on T, we have

llmmfx(E [x{m + x""]) > x(E [x, + x,])

n— oo

lim |x
n— oo 4

for all y except the (at most countable) set of extreme values of x,(¢) + x,(¢). By
Fatou’s lemma

hmmff E [x(")+ x("’] dy >/ E Jx + x,]) dy

n-—» o0
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or, equivalently, liminf||x{™ + x{"||, > ||x, + x,||,. Using (3.3.10) and Lemma 4 of
§3.2, we obtain [|x; + Xyl < llxyllc + [1x,]l,-

REMARK 1. In the above proof we used only the second formula (3.3.10), which
can be established independently of Lemma 1. However, Lemma 1 will be needed
later to prove the continuity of the shift operator in the k-norm.

REMARK 2. In any normed space (3.3.7) is, of course, implied by (3.3.3); however,
this argument cannot be used for proving (3.3.7), since we have not yet established
the general triangle inequality.

3.4. We proceed now to proving (3.1.1) for arbitrary x,, x, € ZL*.

LEMMA 1. If x € ZL® and ||x||, < oo, then |Q[x]| =0, i.e. x(t) is Riemann
integrable.*

PrOOF. Formula (3.3.4), which holds for any x € #L* with ||x||, < oo, shows that
the set Gs= {(t, y) € TXR: (t,y)€T[x], t € Q;} is of (two-dimensional)
Lebesgue measure zero for every 8 > 0, since the integrand in (3.3.4) is equal to + oo
on that set. On the other hand, |Gg| > 8|2}, which implies |2;| = 0 and 2| = 0.

Let x € #ZL* be Riemann integrable, and let F; C F, C --- be a sequence of
closed subsets of T such that

U, F c T\ﬂlx]'

(ii) T\ U, F| =
Since |2[x]| = 0, such a sequence { F;} exists. We construct now a sequence of
continuous functions {x,(¢)}¥: x,(t) = x(t) (t € F,), x,(¢) is linear on each
component of T\ F,.

LEMMA 2. The above sequence { x,(t)} satisfies:
() k(E,[x,]) < 3c(E,[xD(y €R;n=12,...).
(i) lim,,_, , <(E,[x,]) = k(E,[x]) a.e.

(i) lim,,_ o[1x, ]l = [l

PROOF. (i) follows from the observation that each complementary interval of E [x]
(y fixed) contains at most two points of E [x,].

(i1) Using essentially the same argumerit as in the proof of Lemma 2 in §3.3, we
see that (ii) holds everywhere except a finite or countable set of values of y
corresponding to local maxima and minima of the graph I'[x].

(iii) By dominated convergence,

lim |x,||, = llm f x(E,[x,]) foo k(E,[x]) dy =|xlx.

n— oo — 0

We can now complete the proof of (3.1.1). Assume ||x||, < oo and ||x,||, < co.
Choose a sequence of closed sets F; C F, C --- such that

U F, c T\(2[x,] U Q[x,]),

n>0 n>0

4See footnote 2.
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and construct (as described above) two sequences {x{"™(¢)} and {x{"(t)} corre-
sponding to x,(7) and x,(¢) respectively. By the construction, we have x{"(¢) +
x§M(t) = x,(2) + x,(2) (1 € F,); x{™(2) + x{"(¢) is linear on complementary inter-
vals of F,. Since (3.1.1) holds for continuous functions, and using Lemma 2, we
obtain

lx; + x5/, = lim ||x{”) + x§"’||x < lim "x{")",‘ + lim ||x§”)||,‘
n— oo n— oo n—oo

=[xl + [l

Thus our theorem has been proved completely.

3.5. The linear space of functions x € #L* such that ||x||, < co will be denoted
by ZL>; two functions x;, x, € ZL? such that x,(¢) — x,(¢) = const are con-
sidered identical as elements of ZL’.

THEOREM. ZLY is a Banach space.

PROOF. In view of Theorem 3.1, we need only to prove the completeness of ZL°.
Let { x, } be a Cauchy sequence, i.e.

(3.5.1) lim |x, — x,[,=0.
+h— 00

m

By (2.4.2) x, converges uniformly (i.e. in the norm of L*/{constants}) to some
element x € ZL*. We want to prove that x € ZL and

(3.5.2) lim ||x — x|, = 0.
n— oo

Given an € > 0, let N = N, be such that

Ix, — x,ll, <e  (m,n>N).
For a fixed n > N and m — oo we have x,,(¢) — x,(?) = x(¢) — x,(¢) uniformly.
To complete the proof we can use the following

LEMMA. If f, € ZLY, ||fll. < A(n=1,2,...)and f, = f(n — o0) uniformly, then
Al < A.

ProoF OF THE LEMMA. If y does not belong to the (at most countable) set of
essential extreme values of f(¢), then for every complementary interval I of E [ f]
there is a sequence {/,} of complementary intervals of E,[f,] such that the
endpoints of I, tend to the corresponding endpoints of I and therefore k(|I,|) —
k(}7]). This implies that

liminfx(E,[£,]) > «(E,[f]),
and therefore by Fatou’s lemma

= [ %(E,[1]) & < timint [~ «(E,[£]) & < 4.

The Lemma and the Theorem are proved.

3.6. The subspace of #LY consisting of continuous functions will be denoted by
2C..

K
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THEOREM. An element x € ALY belongs to RC, if and only if
(3.6.1) lim ||x, — x|, = 0,
720

where x,(t) = x(t — 7).

PROOF. The “if” part is trivial. Suppose now that x € #C,, and let x" be the step

function (3.3.2). By (3.3.3) and (3.3.6), for an arbitrary ¢ > 0 and sufficiently small 4
h
(3.6.2) Ix" = xle <&, n X x(JL]) <e

where {/;}] are the complementary intervals of the discontinuity set &, of x". For
sufficiently small 7, say |7| < §, the function x”(z) — x"(¢ — 7) takes on only three
values, —h, 0, h, and the set of its discontinuities will be close to §,. This implies
that there is some § > 0 such that for |7| < &

(3.6.3) " — x*

T

< < 4h2x(|1j|) < 4e.
1
Combining (3.6.2) and (3.6.3) we get

e, = xll <llx® = xfle +[lxr = x”

K +||(x - xh)‘r”x < e,
which proves the Theorem.

COROLLARY. ZC, is a separable Banach space: trigonometric polynomials are dense
in 2C,.

3.7. The complex space L consists of functions z(t) = x(¢) + iy(¢), where
x, y € ZLZ; to ensure the homogeneity of the norm we have to define it as follows:

2 2\1/2
el = max{ (IApx = Al +Aox + Ap12) 7 A + N = 1),
As is easily seen,

2 2
(3.7.1) Vixl2 + Iyl <zl <l + Iyl
C, is the subspace of LY consisting of continuous functions. By the above, C, is a
separable Banach space.

4. Premeasures and the -integral.

4.1. Some adaptation of the classical notions of Lebesgue and Stieltjes integrals
will be needed to obtain a complete description of linear functionals in the spaces
C.. First we introduce the notion of a premeasure.

DEFINITION 1. £ is the set of all open, closed and half-closed intervals 7 C T,
including &, T and one-point sets. Elements of £ will be called intervals.

DEFINITION 2. A function u: £ — C is called a premeasure if the following
conditions hold:

O p(2)=pn(M=0

() p(, V L) =p(l)+p(l,)forall I}, I, € Fsuch that; N I, = &

(iii) If I, D I, O - - - is a decreasing sequence of intervals and N, I, = &, then
lim,_, p(I,)=0.
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These conditions imply that the function ji(¢) = p((0, t]) (0 < z < 27) is continu-
ous to the right, has left-hand limit values fi(z7) = u((0, ¢)), and 2(0*) = fg(27) = 0

DEFINITION 3. The k-variation of a premeasure p is
Ze(1L)
where supremum is taken over all finite systems of disjoint intervals I; such that
U,I, =T. If Var,p < oo, p will be called a premeasure of bounded x-variation and
the corresponding function fi(¢) will be called a function of bounded k-variation.

The (linear) space of premeasures of bounded «k-variation will be denoted by V,
equipped with the norm ||g|| = Var, p, it becomes a Banach space. 2V, will denote
the (real) Banach space of real premeasures of bounded k-variation.

DEFINITION 4. For an open set G C T such that k(dG) < oo, and forap € V,, we
set

(4.12) w(G) = Xn(L),

(41.1) Var, p = sup

where {I;} are the components of G. For a closed set F C T with k(dF) < co we
define

(4.1.3) p(F)= —p(T\F).

The series (4.1.2) is absolutely convergent because of k(dG) < oco. Thus, a premea-
sure of bounded k-variation extends naturally to all open and closed sets whose
boundary has a finite k-entropy.

DEFINITION 5. A closed set E C T with k(E) < oois called a k-Carleson set. Every
k-Carleson set is of Lebesgue measure 0 (see §2.3).

From (4.1.1), (4.1.2) and (4.1.3) we derive that (G = T\ F)

(4.1.9) I (F) =11(6)| = 3(lu(F)| +11(6)])
< 3(Var, p)x(3F) = 3(Var p)x(3G).
4.2. We proceed now to introducing the notion of a k-integral; it will enable us to
integrate functions x € C, with respect to premeasures of bounded k-variation.

Heuristically, if x € 2C, and p € V,, we can use (2.2.1) and formally invert the
order of integrations:

fxdu f(yo+f (1; F,) dy)dp f p(F,[x]) &

This provides the basis for the following
DEFINITION. For an x € #C, and p € V the k-integral is defined by the formula

(4.2.1) fxdu / F[x] dy,

where the latter integral exists as a Lebesgue integral, due to (4.1.4) and (2.4.1). If
x =x, +ix, € C (x, x, € ZC,), then

(4.2.2) fxd/.t =fx1du + if x,du.
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PROPOSITION. The k-integral (4.2.2) is bilinear in x € C_and p € V,. Moreover,

(42.3) [ xa < Var)  (xe@Cme v,

PROOF. Observe now that definition (4.2.1) is still consistent if x(z) is piecewise
continuous, provided that the discontinuity sets of x(z) and fi(z) are disjoint. An
elementary argument then shows that

[(Cxi+ Coxy) du=C, [ xydu+ G x,dp

if at least one of the functions x;, x, is of the form (3.2.5). By an approximation
argument involving Lemma 1 in §3.3, this immediately extends to arbitrary x,, x, €
Z2C,.

For complex-valued functions z(¢) € C we obtain, using (3.7.1):

(4.2.4) / zdu' < —‘gnan(Varm).

5. V_ as the dual of C,.

5.1. THEOREM. (a) Every (real) linear functional F on #C has the form of a
Kk-integral:

(51.1) F(x) = f x du,
where u € RV,, and its norm || F || satisfies
(5.1.2) I|F)|1% =4 Var, p.

(b) Every linear functional F on C, has the form (5.1.1), where u € V,, and its norm
satisfies
(5.1.3) —l—Var,‘u< |F|l < gVar,‘u.

2/2

PROOF. (a) Observe first that every premeasure p € £V, generates by (5.1.1) a
linear functional F on £2C, whose norm is < 3 Var, p by (4.2.3). To express p or,
equivalently, the function ji(¢) = u((0, ¢]), in terms of F, consider the sequence
{ @, ,(s)}-, of continuous functions

n=1
1, 27" s <t
@..(s)=1{0, t&(0,r+27"),
linear on [0,27 "] and [, ¢ + 27"].

Clearly,
(5:1.4) B(1) = lim F(g,,).

(Of course, this formula presumes that the functional F is a priori known to have the
form (5.1.1).) Now, we want to show that the limit in (5.1.4) exists for an arbitrary
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real linear functional #on £C,. Assuming the contrary, we can pick a subsequence
{®,.., } such that

(5.1.5) |F(9,0,) = F(9n,. )| >a>0 (k=1,2,.).

The function y,(s) = @, ,(s) — @, ,,,,(s) vanishes outside a set (0, S)uU(tt+

8,), where §, — 0 (k — o0). We construct now a new sequence of functions { {,(s))}
as follows: we start with ¢/, sh1ft it to the right so slightly as not to upset (5.1.5), and
thus obtain §,(s) = ¢,(s — §,). Then we pick a ¢ kp kK2 > 1, whose support has an
empty intersection with that of §,, shift it slightly (say by 8,) to the right and put
1[J2 V(s — 8,). We then continue in the same way, and thus arrive at a sequence
{¥,). It is easily seen that by choosmg 8, at each step sufficiently small we can
ensure that the constructed sequence { {/, } has the following properties:

(i) ¥,(s) vanishes outside the set (8,8;) U (¢ + &,,¢ + 8;’), where [8}, 8],
[t + 6;,t+ 8] (k=1,2,...) are disjoint intervals, and §; — 0, §;" — 0;

(ii) the set {8],6{,05,98;,...,03 U {r +6{,t +8{,t+ 8, t+8;,...,t} is a -
Carleson set;

(iii) the graph of ¥, (s) on each of the intervals [8, 8;], [t + 8;,¢ + 8] (k =
1,2,...) consists of two linear parts;

W [P(s)I <1 (s €T k=1,2,...);

WIF@)|>a>0(k=1,2,...).

Consider now

x(s) = X (sgn F($,))¥u(s)/k.
k=1
Using (i)—(v) we can easily prove that x € #C_; however,
F(x)= Y (sgn F($,)) F(d)/k = kE IFEI/k>a ) 1/k = .
k=1 =1 k=1

This contradiction proves that the limit in (5.1.4) exists for every linear functional F
on ZC,; it also proves that there is a “natural” norm-preserving extension of the
functional F to all real piecewise constant functions given by the formula (5.1.1),
where p is the premeasure corresponding to the function (5.1.4). The premeasure p is
clearly of bounded k-variation, because the functional F is bounded. Since every
x € ZC, can be approximated in the k-norm by piecewise constant functions, (5.1.1)
holds for all x € #C,.
To prove (5.1.2), observe first that (4.2.3) implies

(5.1.6) IFI" < L Var, .

From the definition of the x-variation it follows that for every ¢ > 0 there is some
ty <t,<--- <t,<t,,; =1t + 27 such that

% [(t1) = (1)) > (Varn = ©) ¥ x5 (11 1)

Jj=1 Jj=1
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Now put

x(t) = Sgn(p‘(tj+l) - ﬁ(tj)) (1, <t< L =1,2,....n).
We have

n 1
F(x) > (VarK‘U, - 8) le(ﬁ(tj-'-l - tj))'
j=
On the other hand,
n l
Xl <2 _Zl"(z_,,(’jﬂ - t./))’
j=

and therefore
F(x) > 5(Var, p — €)||x],.

Since our “natural” extension of the functional F to the piecewise constant x(t) is
norm-preserving, we get || F||® > 1 Var_u, which together with (5.1.6) proves (5.1.2).
(b) follows directly from (a) and (3.7.1).
5.2. DEFINITION. A real premeasure pu is called k-bounded (above) if there is a
constant C, > 0 such that

(5.2.1) w(1) < (1)) (VIes).

Clearly, a k-bounded premeasure is of bounded «-variation. The following theo-
rem is analogous to the classical result about representation of a Borel measure as
the difference of two positive measures.

THEOREM. Let p be a real premeasure of bounded «-variation. Then p = pu; — p,,
where p, and p., are some k-bounded premeasures; moreover, they can be chosen so that
their constants C, and C, (see (5.2.1)) do not exceed Var, p.

ProOF. For the case of the Shannon entropy the proof was given in [2, p. 206]. In
the general case the proof differs only in minor details.
5.3. Every premeasure p generates a harmonic function u(z) in D by the formula

N 1-z?
(531) u(z)'= [ l—e‘%zllzdu(t);
u(z) will be called the Poisson integral of dp. If p is a real Borel measure, then u(z)
is the difference of two positive harmonic functions, and vice versa (Herglotz-Riesz).
A similar result holds for premeasures, at least if k’(s) is slowly increasing as s — 0.
DEFINITION. k(s) is said to be of S type (S for Shannon) if there is a constant
C > 0 such that

(5.3.2) k’(s%) < Cxk'(s) (0<s<1).

In the case of the Shannon entropy k(s) = s(Jlog s| + 1) it was shown in [2] that the
Poisson integral u of a k-bounded premeasure p satisfies

(5.3.3) u(z) <yClog(l —z])  (3<lzI<1),
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where C, is the constant in (5.2.1) and vy is an absolute constant; conversely, every
real harmonic function u in D satisfying 4(0) = 0 and (5.3.3) is the Poisson integral
of a k-bounded premeasure. This result extends to all k(s) of S type, as shown by the
following theorem whose proof will be given elsewhere.

THEOREM. There is a 1-1 correspondence between the class of k-bounded premeasures
and the class h}} of real harmonic functions in D satisfying u(0) = 0 and

(5.3.4) u(z) < Ck’'(1 — |z)) (3121 <),

where k(s) is a given function of S type. In one direction this correspondence is given by
the formula (5.3.1) and in the other by

(5.3.5) (1) + w(D) = lim [ u(re) ds,

where I C dD is an arbitrary open interval. These formulas also establish a 1-1
correspondence between RV, and Rh, = h} — h.

6. k-absolutely continuous and analytic premeasures.
6.1. DEFINITION. A premeasure p € V, is called k-absolutely continuous if

(6.1.1) lim Var (p — p,) =0,
70

where p is the 7-translation of p: p_ (e, B8)) = p((a — 7, 8 — 7)), V(a, B) C T. Ll is
the subspace of V, consisting of all k-absolutely continuous premeasures.

THEOREM. (a) L! is a separable Banach space. It consists of those premeasures
u € V., that can be approximated in V, by L'-measures.

(b) A premeasure p € V, is k-absolutely continuous if and only if for every ¢ > 0
there is a § = 8, > 0 such that for any finite system {1,}1 of disjoint intervals I, €
such that 31|1;| < 8, the following inequality holds:

(6.1.2) i|,;(1,)|< ex(E),

where E is the set of endpoints of the I;’s.

PROOF. (a) Clearly, L'-measures are k-absolutely continuous and therefore belong
to L. Suppose that p € L!, i.e. p € V, and satisfies (6.1.1). Consider the Poisson
integral u(z) of p and the measures u'” = u(re’’)dt (0 < r < 1), where dt is the
normalized Lebesgue measure. We have

1-r2

Var,‘(p, — p'(")) <f H—__rel—ilz Var,‘(y, - }1,) dr.

Using (6.1.1), as well as the fact that the w*-limit of the Poisson kernel (as r — 17) is
equal to the Dirac’s 8-function, we obtain

lim Var, (p — p”) =0,
r—1-

which proves that clos L' = L!.
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(b) Suppose that (6.1.2) fails. Then there are systems of intervals {I/¥)}"x,
(k=1,2,...) such that £7% |I®| < 1/k, but T7 [u(IP)] > ak(E*), where
a > 0 and E™ is the set of the endpoints of I*) (j = 1,2,...,n,). For an arbitrary
L'-measure p,

Mk
i )| =
Jm j=1|“0(1/ )|=o.
Since the k-entropy of a nonempty set is always > 1, we get from the above that, for
sufficiently large k,

N
Y [(6 = wo) (1) > SR(E®),
j=1
which shows that p & L!. Thus, (6.1.2) is necessary for p to be k-absolutely
continuous.
If (6.1.2) holds, then the existence of the approximating L!-measures is established
by a slight adaptation of the method used in [3] for proving a closely related result
about “weak” approximation of premeasures of bounded Shannon entropy.

COROLLARY. 4 k-absolutely continuous premeasure vanishes on k-Carleson sets.

PROOF. Let p € V,_ and let E be a k-Carleson set with complementary intervals I,.
Put

m, = sup{|p([e, B])|: [, B] € L }.

It is easily seen that ¥ m, < co. Let E; (8 > 0) be the §-neighborhood of E; its
complement T\ Ej is the union of a finite number of closed disjoined intervals
[a,, B,), and we can enumerate them so that [a,, 8,] C I,. We have u(E;) =
-2, u(a,, B,]); moreover, |u([a,, B,])| < m, for all » and § > 0. Therefore

limu(E;) = =L (L) = p(E).

If p is k-absolutely continuous, then by (6.1.2)

IL(E5)| < k(3E5)o(1) = o(1) (8 —0)
and therefore p(E) = limg_, o p(Es) = 0.

REMARK. There are premeasures u € ¥V, that vanish on all k-Carleson sets without
being absolutely continuous. This contrasts with the classical theory, where a Borel
measure p is absolutely continuous if and only if p(E) = 0 for all E of Lebesgue
measure 0.

6.2. A premeasure p € V, is called analytic if

(6.2.1) p.(n)=fe""”du= 0 (n=-1,-2,...)

(of course, 1(0) = 0 for every premeasure p). Analytic premeasures p € V, form a
subspace of V, that will be denoted by H,.

A celebrated theorem of the Riesz brothers states that an analytic Borel measure
p € V is absolutely continuous, in other words that H' C L'. There are some
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indications that a similar result might hold for analytic premeasures of bounded
k-variation; for example, it can be proved that every analytic premeasure of bounded
k-variation vanishes on all k-Carleson sets.’

CONJECTURE. H! c L.

7. L as the dual of L.

7.1. To obtain a description of linear functionals on L., an extension is needed of
the x-integral [x dp to the case x € L®, p = L.. Formula (4.2.1), which served as
the definition of a k-integral for the case x € #ZC,, p € V,, still applies, but it is not
immediately clear that this extension preserves the bilinearity of [x du. To prove
that point observe first that if x € ZL®, du € L! (i.e. p is absolutely continuous),
then the k-integral coincides with the Lebesgue integral:

/xdp,=fx(t)ﬁ'(t)dt.

In fact, using (2.2.1) we get

[ xOF@ = [ (50+ [, & )(0) a

0 [ee]
- [ ([ owr @) o= [7w(Bl) @ - [ xdn
Yo Yo
Thus, k-integral is bilinear in x € L®, dp € L'. To extend this result to p € L}, we
use the following

LEMMA. Let {p, )} be a sequence of L'-measures converging in L. to a premeasure
e

(7.1.1) lim Var,(p —p,) =0.
n-— oo

Then

(7.12) lim fxdy,,=fxdu

forallx € LY.

PROOF. We can assume that x € ZLY. Then
[}
‘fxdu-fxdu,. =|f (r = p,)(F,[x]) dyl
— o0

< %f_ww Var (p — p,)x(3F,[x]) dy

=3Var,(p—p,)lIxl, >0 (k- o).

The above Lemma, in combination with the fact that L' is dense in L., implies
that [ x dp is linear in p € L for every fixed x € L and linear in x € LY for every
fixed p € LL.

3Since this result is inconclusive, its proof is not given here.
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The estimates below follow immediately from (4.2.1) and (3.7.1):

(7.1.3) ‘f xdp‘ < %uquVaw (Vxe®L® pe L);

(7.1.4) ‘f xdp| < ||x|| Var,p (VxeLZ, pell).

7.2. THEOREM. (a) Every (real) linear functional f on RL. has the form of a
Kk-integral

(7.2.1) f(w)= [ fan,

where f € RLP. Conversely, every function f € BLY determines by (1.2.1) a linear
functional f(n) on RL., with the norm

(72.2) A1 = 3171,

(b) Every linear functional f on L. has the form (7.2.1), where f € L®. Conversely,
every function f € L® determines by (7.2.1) a linear functional on L}, and its norm
satisfies

V2

(7.2.3) S Il < A< A

2\/‘

PROOF. (a) Since the norm of L. does not exceed that of L!, every linear functional
fon ZL! is also a (bounded) linear functional on ZL' and therefore has the form
(7.2.1) with some f(t) € ZL*; at this point, however, (7.2.1) is valid only for
du € L'. We want to show that f(1) € ZL>.

Construct the “smoothed-out” function f*:

rM0=g5 [ A0 dr=gp [ i(myar (h>0),

h

and similarly the “smoothed-out” premeasure p”:

where p_ is the 7-translation of p: p.(I)= u(I_,) for all intervals I, I__. = {t:
t+rel}.

For any f(t) € L® and p € L}, f"(¢) is an absolutely continuous function and
dp” an absolutely continuous measure; therefore the integrals [f" dp, [ fdp" exist,
the first as a k-integral and the second as a Lebesgue integral. We claim that

(7.2.4) ff”dp-—-ffdp" (h > 0).
In fact, fixing A we have for an arbitrary ¢ > 0
(7.2.5) [ rrape = [ faqu)" = [ ra(u*)

As € = 0, u* —> p in L! and d(p")¢ — dp” in L'. Taking the limits in (7.2.5) we
obtain (7.2.4).
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Now we can represent our functional f(p) (. € ZL.) as the w*-limit of “smooth”
functionals f*(p):

(726) f(s) = lim f(u*) = lim [ fdp" = lim [ f"dp= lim /().

Now, f/(t) € #C,, and the (real) dual of ZC, is ZV,. Therefore the norm of the
functional f* on RV, is || f"|,; this is also the norm of the functional f* on 2L,
since L! is dense in V, in the w*-topology of V, considered as the dual of C,. By the
uniform boundedness theorem, (7.2.6) implies that supg< <, Ilf*|l, < . On the
other hand, using the general properties of the k-norm (see §3), it is easy to show
that

ANl = lim | ..
h—0
Thus || f]|, < oo and, by (7.1.2) and (7.2.6),

f()= [ fdu (vpeaLl).

To prove (7.2.2) observe that the functional f on ZL! is the w*-limit of f* as
h — 0, and so, by the general properties of» the w*-limits,

& 1 R _ 1 A =
1A% < lim || f*)% = 3 lim || /")l = 371,
h—0 h—0
On the other hand, since f* is a convex combination of f, (—k < 7 < h), we have
TPy Y- ) E : By — X
e = FIE < WA, %I}lj}})llf e = 2All < IS

(see (7.1.3)). Thus || f[|* = |||l
(b) follows from (7.2.2), (7.1.3) and (3.7.1).

8. C, and LY as Banach algebras.

8.1. Our next object is to show that with a slight adjustment of the k-norm the
spaces C, and L become commutative Banach algebras with pointwise multiplica-
tion.

DEFINITION. Let x(t) € L*. We define the modified k-norm as follows:

(8.1.1) lxllle = llxlloo + %Il

where ||x||,, = esssup{|x(¢)|: t € T}. L® will denote the Banach space of functions
x(t) with the norm |l|x|ll, < co; C, will denote the subspace of L® consisting of
continuous functions x(¢); ZLY C LY and ZC, C C, consist of real functions.

LEMMA. (a) If x, y € LY and x(t) = 0, y(t) = O, then

(8.1.2) eyl < IxNoollVlle + NXNll Y]l oo -
) Ifx, y € RL>, then
(8.1.3) levlle < 2C1xNaoll e + 1X1ell Pll0)-

©) Ifx, y € L>, then
(8.1.4) lxylle < 40IxN ol + 11Xl Yl )-
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PROOF. (a) Put ||x|| = M, and || y|| = M,. Then

x(1) = /0“‘ xi(t u)du,  y(t)= fo“zxz(z,uwu,

where x(#, u) = x(¢; F,[x]) and x,(¢, u) = x(¢; F,[y]) are the characteristic func-
tions of the Lebesgue sets F,[x] and F,[ y]. Therefore

x(1)y(t) = fo“’ jo“z X1 (1, u)x,(1, v) dudy

and
M,
ol [ [ bl wxa(c o)l duedo
j(;M j(;MZ A(F,[x)nFE[y])) dudv
< [" [ (c@RLx]) + k(3 [Y])) dudo = Mylixl, + Myl
(b)
eyl = N(x* = %)y = y7)ll
< (I Mo + 1 le) Y e + 112 71L)
AN+ 171U Moo + 17 7o)
< 201Xl Pl + X1l Yl )
since ||x ||, + [1x e = llxlle 1y "l + 17l = W71l
(c) Let x = x, + ix, € L andy=y + iy, € L. Using (8.1.3) and (3.7.1) we
find that
lxplle < X301 = Xopalle + X102 + X501l
< 2[(1xll + 16alloe) Aalle + 12010) + (xalle + %20l Ul + 1121le0)]
< A(IxN oyl + Tl el Y lloo)-

then xy € L® and

THEOREM. If x, y € L®,
Mxylilc < 4lllxlll .

(8.1.5)
Thus L and C, are Banach algebras.
PROOF. By the preceding Lemma,
Mxylile = vl + N7l < Il + 401Xl Yl + X111 )
< 41Xl + XUVl + IXlL) = 4llxllidiylle.  Q.E.D.
8.2. The following theorem shows that the structure of maximal ideals of the
Banach algebra C, is identical with that of the algebra C of all continuous functions.

THEOREM. Every point t, = T determines a maximal ideal M, = {x € C.: x(1y) =

0} of C’K, and vice versa.
PROOF. An equivalent formulation is that every nonzero linear multiplicative
functional F(x) on C, has the form F,(x) = x(1y) (15 € T). C, is generated by two
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elements g, = e’ and g, = e~ ". Let F(g;) = { and therefore F(g,) = {~!, where
0 # ¢ € C. Using the definition of the k-norm we find that ||e"™||, = O(|n|x(1/|n]))
(Jn] = ). On the other hand, F(gy) = {", F(g5)=§¢""(n=10,1,2,...). Since the
functional F is bounded, this is possible only if |{| = 1; let { = e" (z, € T). We
have F(P) = P(t,) for all trigonometric polynomials P, and, since polynomials are
dense in C,, F(x) = x(t,) forall x € C,.

8.3. The analytic subalgebra 4, of C, is contained in the disk algebra 4 and
contains the algebra 4' = {f: f’ € A}. Similarly, F* (the analytic subalgebra of
L) lies between H® and H® = { f: f’ € H®}. A systematic study of 4, and H>
may reveal some new properties of classical spaces of analytic functions. Such a
study, however, is beyond the scope of this paper.

9. A generalization of two classical convergence tests for Fourier series.

9.1. The Dirichlet-Jordan (D-J) convergence test for Fourier series [1] states that
the (symmetrical) partial sums S,(¢; f) of the Fourier series S{f] of a function f(¢)
(t € T) of bounded variation tend to [ f(¢ + 0) + f(¢t — 0)] as n > oo; if f(¢) is
also continuous, then S,(¢) — f(¢) uniformly.

The Dini-Lipschitz (D-L) test [1] states that S,(#; f) — f(¢) uniformly if the
modulus of continuity w(8) of f(¢) is o([log §|~1) (§ — 0).

The proof of the D-J test is based on the classical C-V duality. However, if instead
of C-V duality we use the Dini-entropy-norm-Dini-variation duality (C,-V,), we
obtain a new test that includes both the D-J and the D-L tests.

Since we need here only one special case of k-norm and k-variation, namely
k(s) = (1 + %[logs])~!, we introduce special notations for this case: || - ||, = || * || s»
Var, f = Var, f, C. = C,, V., = V,. Itis also expedient to apply the symbol Var, f to

functions f(¢) rather than to premeasures, so that Var,, f really means

Zi2if () = £(420)]
Z_’;:ll"((tj - ’j—l)/zﬂ') ,
where x(s) = (1 + Jlog s|) ™!, and the supremum is taken over all tg<t; <--- <

ty,y1 =1ty + 27 (n=12,...). We shall also assume that functions f € V, are
normalized so that

(9.1.2) f()=3(f(t+0)+f(t-0)) (VieT).

9.2. We start with the following formula [1] for the partial sums S,(¢; f) of the
Fourier series S[f]:

(9.1.1) Var, f(t) = sup

(92.1) S.(t:£) = (1) + [ @,(r)D,(7) dr,

where

@,(1)=@,(r; f) =3[t + 1) +f(1 = 7)] = (1),
D,(7) = sin(n + 1/2)7/sin(7/2)
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and d is the normalized Lebesgue measure on T. We introduce now the “integrated
Dirichlet kernel” &,(¢):

/WD"(T)dT=W_t—lZ Sin kt ©<t<m)
922) &(1)=1{ " ooTia K
022 &0=) _s(—h  (=nsi<0),
0 (¢=0).
Clearly,
(923) L 6,(1)= =D, (1) + 8y(1),

where 8,(7) is the unit Dirac mass at ¢ = 0. Since ®,(0) = 0, we can write (9.2.1) as a
Stieltjes integral

S,(1:1) = f(1) = [ @,(r) d&,(1).

Integrating by parts we obtain

(9.24) S.(6:1) = f(1) + [ &,(r) d@,(1).
We need now the following

LEMMA.
(9.2.5) NEMa< T (n=1,2,...).

PROOF. A simple computation shows that &,(¢) satisfies

r 2
2> (2n+ 1)1

&,(1) is monotone in each of the intervals 2k7/(2n + 1), 2(k + 1)7/(2n + 1))
(k=0,1,...,n — 1) and 2n7/(2n + 1), 7). Therefore the level set E [&,] (— 3 <
y < 1) lies in the interval [—2/(2n + 1)|y|, 2/(2n + 1)|y[] and has at most 2/7|y|
+ 1 points if |y| > 1/nm; E,[&,] has at most 2n + 3 points if |y| < 1/n7. This
easily leads to the following estimate for the Dini-entropy of E,[&,]:

(9.2.6) |€,(2)] < min{ } (-7 <t<7).

k,(E[8,]) < (2n+ 3)(1 + %log(Zn + 3))—1 (Iyl < %)
Kd(Ey[(o@,,])<l+ 77_|2)—;‘|(1+ %log(2n+l))-l (|y|> nl—ﬂ)

Thus

12 2(2n + 3) 8(log nm — log2)
= <224+
“g’n”d f—l/Z Kd(Ey[éon]) dy < na 1 7(2 + log(zn + 1))

<E+l+§<7. Q.E.D.
w m
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Using (9.2.4), (9.2.5), (4.2.3) and observing that Var, ®_ < Var, f, we arrive at the
following result.

THEOREM.
7
(9.2.7) max|S, (5, )| <If o + 5 Var, f.
teT

9.3. Having established the boundedness of S,(¢; f) for f € V,, we turn now to the
problem of convergence. First observe that the argument used in proving (9.2.5) also
yields the following

LEMMA. Let &, 5(t) = &,(t X1 — x5(1)), where x 5(t) is the characteristic function of
the interval (—6,8) (0 < 8 < ). Then

(9.3.1) lim &, 4, = 0.

From (9.2.4) we obtain (8 > 0 fixed):
S5 1) = (1) = [ 8,5(r) d®(7) + [ £,()xs() d®,(7)

= [ &,.5(r) a®(7) + [ £,(7) a(@,(7)xs(7))
—&,(=8)0,(-98) +,(8)2,(5).
Therefore, by (9.3.1) and (9.2.5),

lim |S,(;f) = £(1)] < 7Var,(®,x5) + 3(|®,(=8)| +]®,(8)]).

nh— o0

The last term tends to 0 as § — 0, and so we obtain

(9.32) lim |S,(1; £~ f(2))] < 7 lim Var,(®x5)-
n— oo 80

In order to obtain convergence of S,(¢; f), an additional condition has to be
imposed on f(¢).

DEFINITION. A function f(t) € V, is said to be of vanishing d-variation at t, if
Var, {(f(t) — f(ts))xs(¢)} = 0 as & — 0, where x(¢) is the characteristic function
of the interval (¢, — 8, t, + 8). If this takes place at every point ¢, € T, f(¢) is said
to be of vanishing d-variation on T.

REMARK 1. For the classical variation, if f(¢) is of bounded variation on T and
continuous at ?y, then f(¢) is of vanishing variation at z,. However, for the
k-variation (and, in particular, for the d-variation) this is generally not true.

REMARK 2. If f(¢) is d-absolutely continuous, then f(¢) is of vanishing d-variation
on T. However, the converse is not true.

REMARK 3. If the modulus of continuity w(8) of f(¢) is O(jlog 8|~ 1), then f(¢) is of
bounded d-variation. If w(8) = o(Jlog 8| '), then f(¢) is of vanishing d-variation,
and even d-absolutely continuous.

The following result is a direct consequence of (9.3.2) and the above definition.
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THEOREM. If f(t) is of vanishing d-variation at t, (or, more generally, if (I),O('r) is of
vanishing d-variation at T = 0), then

(9.33) lim S, (103 ) = f(to)-

If f(t) is of vanishing d-variation on T (in particular, if f(t) is d-absolutely
continuous), then

(9.3.4) lim S,(s; 1) =f(1)
uniformly on T.

9.4. If f is continuous and of bounded variation (in particular, if f is absolutely
continuous), then by the D-J test

(9.4.1) Tim |f = 5,(/)], = 0.

However, we saw that the same conclusion still holds under much weaker assump-
tions. It is natural therefore to expect that the assumptions of the D-L uniform
convergence test should imply a stronger conclusion than (9.4.1). This is in fact the
case. First we establish a result about boundedness of d-norms of the partial sums

S,(f).

LEMMA. If f(2) is of bounded variation, then

(9.4.2) If = S.(Hlla<7Varf,  [IS,(f),<8Varf
foralln > 1.

PROOF. (9.2.4) can be rewritten in the following form:
S.(61) = f(1) =4 [ &.(n)d, [7(t+ 1) + (1 = 7)]

=1 [6(r-0) = &,( = D] df(r) = [ A, (,7) df(r),.

where X (t,7) = 3[E,(t —t) — &,(t — 7)]. We have ||X,(-, D, <7 (VT €T,
thus

15,(f) = flla< [ 1€, m)lddf(7)] < 7Varf.
Since || f||, < Var f, we also have

1, CHla <If e +1S,(f) = flla < 8 Var /.

Now we can considerably improve (9.4.1). To simplify the formulation, we confine
ourselves to the case of an absolutely continuous f(¢).

THEOREM. Suppose that f(t) is absolutely continuous on T. Then

(943 tim 1= 5,(/)l,=0.
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PROOF. f can be approximated by a trigonometric polynomial P so that
Var(f— P) <e,
where ¢ > 0 is arbitrary. We have by (9.4.2)

lim ||f = S,(f)ll,= lim (= P) = S,(f= P)ll, < 7.
n— oo n—oo
Since ¢ is arbitrary this proves (9.4.3).

REeMARK. There exist in the literature some related results concerning convergence
of Fourier series. A. M. Garsia and S. Sawyer [4] considered continuous functions
with logarithmically integrable Banach indicatrix and proved that such functions
have uniformly convergent Fourier series. D. Waterman [5] introduced the class of
functions of “harmonic bounded variation” that also have uniformly convergent
Fourier series. R. A. Fefferman [6] introduced functions of “finite entropy” which
include our space C, with k(s) = s(1 + [log s|). It would be interesting to know more
about connections between all these classes of functions.
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